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Nomenclature

COM

do
dr

Pmax

PL

center of momentum
Qmax

3
spectral distribution, 27Tp/ do LT sing
0 dp3

pion total energy

center of momentum energy

LIDCS

extensive air shower

Lorentz invariant differential cross section

proton mass

pion mass

proton momentum

pion momentum

maximum possible momentum scattered pion can have for given /s
plon transverse momentum, psin @

magnitude of center of momentum frame four momentum, equal to total energy in
center of momentum frame

pion kinetic energy
laboratory frame kinetic energy of incoming proton

angle of pion scattering with respect to direction of incident particle

fmax Pmax 3 2 .
total cross section, 271'/ dH/ dp pdio_p sind
0 P

min dp3 \/pz + m%

Quantities with an asterisk (e.g., 0%) refer to the quantities in the center of momentum frame,
whereas quantities without an asterisk (e.g., #) refer to the quantities in the laboratory frame.
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Abstract

An accurate knowledge of cross sections for pron production in
proton-proton collistons finds wide application tn particle physics,
astrophysics, cosmic ray physics, and space radwation problems,
especially in situations where an incident proton is transported
through some medium and knowledge of the output particle specirum
15 requived when given the input spectrum. In these cases, accurate
parameterizations of the cross sections are desired. In this paper
much of the expertmental data are reviewed and compared with a
wide variety of different cross section parameterizations. Therefore,
parameterizations of neutral and charged pion cross sections are pro-
vided that give a very accurale description of the experimental data.
Lorentz invariant differential cross sections, spectral distributions,
and total cross section parameterizations are presented.

1. Introduction

Pion production in proton-proton collisions has been extensively studied for many years; this
knowledge now finds useful applications in a variety of areas as follows:

1. Two important types of particle detectors are the hadronic and electromagnetic calorime-
ters (ref. 1) where an electromagnetic or hadronic shower is initiated by a high-energy
incoming particle; from a Monte-Carlo simulation of the shower, one is able to deduce
important characteristics of the incoming particle such as its energy and identity

2. The primary cosmic rays can be detected by a variety of methods, depending on the
incident energy; for the very high-energy cosmic rays, where the flux is relatively low, the
extensive air showers (EAS’s) (refs. 2, 3, and 4) provide the most convenient means of
detection; the EAS is analogous to the hadronic or electromagnetic calorimeter used in
particle physics but with the atmosphere of the Earth being the active volume in which
the shower develops; the EAS has both electromagnetic and hadronic components, and
similar to the calorimeter, the energy and identity of primary cosmic ray nuclei can be
deduced via Monte-Carlo simulation of the showers (refs. 2 and 3)

3. In long-duration human space flights, such as a mission to Mars, the radiation levels
induced by galactic cosmic rays can exceed exposure limits set for astronauts (refs. 5
and 6); in determining the radiation environment inside a spacecraft, one needs to
transport the exterior cosmic ray spectrum through the spacecraft wall to determine the
interior radiation spectrum

4. In gamma ray (refs. 7 and 8) and high-energy neutrino astronomy (refs. 9 and 10),
the diffuse background radiation is due in large part to the gamma rays and neutrinos
produced in proton collisions with the protons in the interstellar medium; in addition, pion
production from proton-proton collisions finds applications in the calculation of gamma
ray emission from the accretion disk around a black hole (ref. 11)

In all these applications, having an accurate knowledge of the cross sections for pion
production in proton-proton collisions is crucial. In addition, most of the applications mentioned
require solving the transport equations that determine the particle spectrum on one side of a
material (active volume of calorimeter, atmosphere of Earth, spacecraft wall, or interstellar
medium) given the incident particle spectrum. Use of pion production cross sections in such
transport codes requires that the cross section be written in a simple form. The transport codes
have many iterative loops, which will take too much computer time if the cross section formulas
also contain many iterative loops. Thus it is most advantageous if one can write down simple



formmlas which parameterize all experimental data on pion production cross sections; this is the
aim of the present work.

In this paper, simple algebraic parameterizations of charged and neutral pion production
cross sections valid over a range of energies are presented. The cross sections provided are
Lorentz invariant differential cross sections (LIDCS’), laboratory frame spectral distributions
(ie., energy differential cross sections), and total cross sections because they are the types of
cross sections most widely used in transport equations. Many such parameterizations have
been presented before, but the problem is deciding which are correct and whether a particular
parameterization applies only to a limited data set or 1s vahd over a wider range. In the present
work, an exhaustive data search has been performed, and as many different parameterizations as
possible have been compared with as much data as possible so that defimtive conclusions could
be reached concerning which is the most accurate parameterization to use.

The cross sections discussed in this paper are for inclusive pion production in proton-proton
collisions; that is, the reactions considered are p +p — 7+ X, where p represents a proton,
7w represents a pion, and X represents any combination of particles. An extensive search for
LIDCS data was performed, and the data were used to compare all available parameterizations.
A method for generating parameterizations for these cross sections is also described and applied
to 0 production. Spectral distribution and total cross section formulas were not developed
directly because of lack of data. Instead, the most successful LIDCS parameterizations were
first transformed into laboratory frame spectral distributions by numerical integration. These
spectral distributions were parameterized and then numerically integrated to generate laboratory
frame total cross sections. Finally, the total cross sections were compared with available data and
parameterized as well. This procedure is discussed, and the parameterizations of the numerical
results are given. Multiple checks of the accuracy of all results were made, and some of them
are presented.

Finally, there are a lot of figures in this paper. What often happens when various authors
come up with a parameterization is that they only apply it to a limited data set. Often when a
particular parameterization i1s applied to other data, 1t does not work; this is the reason for the
large number of figures in the present paper. The aim is to show that the parameterizations in
this paper do apply well to a whole range of experimental data.

The derivation of the maximum momentum 1is presented in appendix A. The kinematic
relations between the two reference frames—the center of mass and the laboratory frames—
are presented in appendix B. Appendix C presents a synopsis of data transformations.

2. Comparison of Lorentz Invariant Differential Cross Sections

The object is to determine an accurate parameterization for inclusive LIDCS’s, which can
be confidently applied to regions where no experimental data are available. For example, if
the formulas were to be used for the purpose of developing radiation shielding materials, the
parametric equation would need to be extrapolated to energies lower than those for which data
are available. The most convenient formulas are those that are in closed form, since they are
easily used and take relatively little computer time in numerical calculations. Some of the
formulas that were considered as representations of the LIDCS’s were not in closed form but
included tabulated functions of energy (i.e., numerical values were given for specific energy values
rather than a functional form). When comparing parameterizations, closed-form expressions
were given precedence over other equally accurate formulas.

The invariant single-particle distribution is defined by

3 3 3
FAB — CX) EE(jd—; EEd—g = %d_"
dpc dp p= dpdf2
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where d_g' is the differential cross section (i.e., the probability per unit incident flux) for
detecting a particle ¢ within the phase-space volume element dp%, A and B are the initial
colliding particles, C'is the produced particle of interest, X represents all other particles produced
in the collision, E is the total energy of the produced particle C'; and 2 1s the solid angle. This

form (eq. (1)) is favored because the quantity is mvariant under Lorentz transformations.

The data for pion production in proton-proton interactions are primarily rep orted mn terms of
the kinematic variables, 6%, /5, and p | , which are, respectively, the center of momentum (COM)
frame scattering angle, the mvariant mass, and the transverse momentum of the produced pion.
The mass /s is a Lorentz invariant quantity and is equal to the total energy in the COM frame;
p = p*sin 0%, where p* is the COM momentum; p | is invariant under the transformation from
the laboratory (lab) frame to the COM frame. (See appendix B for a more detailed discussion
of kinematic variables.) All momenta, energies, and masses are in gigaelectron volts.

2.1. Neutral Pions

Biisser et al. (ref. 12) have fitted the LIDCS data obtained in the reaction p +p — 7% + X
(where p represents a proton, 70 represents the neutral pion produced, and X represents all
other produced particles) to an equation of the form

Po _
EW = ApJ_" exp (—b%) (2)

with A = 1.54 x 10726, n = 8.24, and b = 26.1. Equation (2) is based on a specific set of
experimental data with all measurements taken at 8* a 90° and was originally intended only
for pions with high p,. Comparison of this parameterization with data available from other
experiments (refs. 13 to 19) indicates that the global behavior of the invariant cross section
cannot be represented by a function of this form. (See figs. 1 to 96.) The parameterization of
Busser et al. (ref. 12) was not plotted because the cross section is much too small in the p |
range covered by the graph.

The following form has been used by Albrecht et al. (ref. 20) to represent neutral pion
production:

o ( P0 )"
F = —— 3
pr il e ®

where U, n, and p( are free parameters. Because this equation only has dependence on p| when
the data (refs. 13 to 19) shown in figures 1 to 96 also have dependence on /s and 6%, this form
is not general enough to represent all the data.

Many authors (e.g., ref. 21) have favored a representation for the invariant cross section of
the form

d? —N/2
Ed?g:fl(piJrMﬂ FzL,0%) (4)

where f(z1,0%) = (1— :L‘J_)F, N and F are free parameters, the scaling variable x| is given by

2
PL o 2L g

X = ~
L7 phax Vs

* _
P max —

(5 + m% — 4m%)2] 172

2
45 —m%

where m  and my, are the mass of the neutral pion and the proton, respectively. (See appendix A
for details on py...) The outline of this basic form has been used by Carey et al. in fitting
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the invariant cross section for the inclusive reaction p + p — 79 4 X. (See ref. 22.) Their
representation is given by

d30- 9 —4.5 4
ECF:A(MMBG) (1 — %) (5)
*
where o7, = L is the radial scaling variable and the normalization constant A has been

pInaX
determined as A = 5. This parameterization accurately reproduces the data for measurements

taken at 8% = 90° and /s > 9.8 GeV but does not agree well with the data for smaller angles
and /s = 7 GeV as can be seen in figures 1 to 96.

Another problem with this parameterization becomes apparent, when one considers that
integration over all allowed angles and outgoing particle momenta should yield the total inclusive
cross section. The details of this calculation appear in section 3. A comparison of the
experimentally determined total cross section datafrom Whitmore (ref. 23) with the results of the
numerical integration of equation (5) shows that the total cross section is greatly underestimated

by Carey. (See fig. 5.)

Stephens and Badhwar (ref. 19) obtained data from the photon cross sections given by
Fidecaro et al. (ref. 13), which were taken at incident proton kinetic energy of T}, = 23 GeV
and p; =0.1-1.0GeV. (Note: No error was listed by Fidecaro et al. for pion production. Error
bars of 10 percent were added to the data in the figures because this level of error was standard
for most other data. Also, Stephens and Badhwar use the notation Ep instead of T'l,p.) Figures 1
to 96 demonstrate the accuracy of the parameterization of Stephens and Badhwar in this region
as well as other regions. The parameterization of the ¥ invariant cross section proposed by
Stephens and Badhwar (ref. 19) is presented as follows:

d% . BpJ_
EW = Af(Thap) (1 — #)Texp (— W) (6)

= i)+ (3t o

Cy—Copy + C3p?
\/1 +4m12)/5

F(Tap) = (1 +23T—2 0 ( — )

where

q:

P
and A=140,8 =5.43,C1 =6.1,C5 = 3.3,C5 = 0.6 with z ’TEp* ,andpﬁ:p*cosﬁ*.

The Stephens-Badhwar parameterization was found to be the best of the previously mentioned
representations because it accurately reproduces the data in the low p | region, where the cross
section is greatest (figs. 1 to 4), and its integration yields accurate values for the total cross

section (fig. 5). Equation (6) is, however, a poor tool for predicting values of the invariant
cross section for p; > 2 GeV because the value predicted underestimates experimental data by
~10 orders of magnitude. (See figs. 6 and 7.)

No parameterization currently exists that accurately fits the global behavior of the LIDCS
data. Previous equations have suffered from being too specific to a particular set of experimental
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data or from failing to reproduce the total cross section upon integration. For these reasons, a
new parameterization is desired—one that correctly predicts all available data while maintaining
the essential quality of correctly producing the total cross section upon integration.

The approach adopted in the present work is to assume the following form for the invariant
cross section:

d3o ) = -
B = (sin0) P50 F (5 p ) 07=90%) (7)
P
The motivation for an equation of this form is that as the angle decreases, the cross section
decreases very slowly at lower p, values. The approximation that was made in deriving

equation (7) is that as p; — 0, the cross section is assumed to be independent of the angle.

Under the assumption that the invariant cross section can be fitted by equation (7), the
program goes as follows. Find a representation for the cross section as a function of energy
/s and transverse momentum p| from experimental data taken at 6* = 90°. The quantity
F(/5,p, ) is then completely determined because (sin 0*)? is unity at 0* = 90°.

At 0% = 90°, the data are well represented by

30'
E%(@*:%C’) = F(Vsp1) (8)
with
F(v/sp, )= (\/—;/g > Glg,p1)
4= sl/t

and the COM pion production threshold energy
\/gmin =2mpy +mg

The function

Lz (g*=90°)

0'
dp3
G q pJ_ = ( )
5[11111

was parameterized as

G(q,pL) =exp (kl tkopy + ks 4 kap? + ksg T kep gt 4 kot + ksg P
+kop g 2+ kopdel 4 ’mpf’) (9)

with k1 = 3.24, ko = —6.046, k3 = 4.35, k4 = 0.883, ks = —4.08, kg = —3.05, k7 = —0.0347,
kg = 3.046, kg = 4.098, kjp = —1.152, and ky; = —0.0005. The parameters k; to ky, were
obtained with the numerical curve-fitting software, Table Curve 3D (ref. 24), and the eleventh
term was added to modify the low p| behavior of the parameterization.

With F(y/s,p1) determined, the function D (y/s,p1,0") is the only remaining unknown.
Solving for D yields

o (525 )~ (/5]
D(\/g,pj_ﬁ*) - In(sin 6*)

(10)



Equations (8) and (9) were then used in equation (10) to calculate values of D (y/s,p ,0%).
If the function D is independent of angle, then equation (10) could be determined for any fixed
angle, 0* # 90°. Data were compared for a range of angular values, and these data revealed
that the function £ is not independent of angle. The angular dependence turned out to be of

the form (sin 9*)70'45 and

)

D(V5p1,07) = (sin 05704 |e1p2(/5)3 + C4p—\/§ + % + % (11)
with ¢ = 205.7, ¢ = 3.308, cg = —2.875, ¢4 = 1043, and ¢5 = 0.8. The final form of our
resultant parameterization for the neutral pion invariant cross section in proton-proton collisions
is equation (7) with D(p| /5,6*) given in equation (11), F(p),/5) given in equation (8), and
G(g,p1) given in equation (9). This form is accurate over a much greater range of transverse
momentum values than those covered by previous representations. (See figs. 1 to 96 for
comparisons.) For the low transverse momentum region where the cross section is the greatest,
the fit is quite similar to that of Stephens and Badhwar (ref. 19). Also, figure 5 shows that
both formulas (egs. (7) and (6)) integrate to approximately the same total cross section, which
is in agreement with the data from Whitmore (ref. 23). A more complete comparison of the
integrated total cross section to data is given by Stephens and Badhwar (ref. 19).

2.2. Charged Pions

The available data for charged pions, consisting mostly of measurements made at 6* = 90°,
are less extensive than 70 data. Therefore a higher degree of uncertainty exists in LIDCS’s
for charged pions. Integration of an LIDCS to get a total cross section and comparison of the
results with total cross section data allow a check of the global fit of a parameterization. This
check was made for charged as well as neutral pions, but because of a lack of data, it is more
imp ortant for charged pions. Parameterizations that do not integrate to the correct total cross
section can be ruled out, even if the LIDCS data are well represented because the global behavior
of the parameterization cannot be accurate. However, producing a correct total cross section
upon integration does not necessarily imply that the global behavior of the parameterization
is correct. If more measurements were made, a tighter constraint could be placed on possible
LIDCS parameterizations. If the spectral distribution is measured at three different values
of pion energy for two different proton collision energies, the general behavior of the spectral
distribution could be checked. The angular dependence of LIDCS parameterization could then
be tested by integrating over the angle and comparing the results with the spectral distribution
data. For the purposes of space radiation shielding, measurements at proton lab kinetic energies
of 3 and 6 GeV and pion lab kinetic energies of 0.01, 0.1, and 1 GeV would be useful because
this is the region with both a large cross section and large galactic cosmic ray fluxes. These
measurements would need to be made only for one pion, preferably #¥ because the general
behavior of all the pion production cross sections i1s approximately the same. With these facts
in mind, a comparison of LIDCS parameterizations with data from references 15 and 25 to 28
for charged pion production follows.

A parameterization for =~ of the form

d30' 9
Eﬁerxp(—BpJ) (12)
*
has been given by Albrow et al. (ref. 28), where A and B are tabulated functions of IE = f ,
pIIldX

and A and B are given only for = 0.18, 0.21, and 0.25, which limits the usefulness of this
parameterization.



Alper et al. (ref. 25) have fitted the data for both % and #— production to the following
form:
d30' _ 2 2
Edpﬁ_Aexp(—Bpl—l—CpJ_) exp(—Dy”) (13)
where y is the longitudinal rapidity, and A, B, (', and D are tabulated functions of s that are
also dependent on the type of produced particle (7 or 7). (Note that at 6* = 90°, y equals 0.)
The fit to the data is excellent for low transverse momentum, as can be seen in figures 97 to 102,
but the figures show that this form has an increasing cross section for high p | , which contradicts
the trend n the data. Also, there are different sets of constants for each different energy, which
makes a generalization to arbitrary energies difficult.

Parameterizations done by Carey et al. (ref. 29) and Ellis and Stroynowski (ref. 21) have a
similar form, although Carey’s was applied only to #~. Both underestimate LIDCS’s for low p |
where the cross section is the largest. (See figs. 97 to 102.) The following equation is Carey’s
parameterization: 5

Ty = N (4 +0.86) P )t (14)
dp?

* *
where N = 13 is the overall normalization constant and zp = #— ~ 25— The following
s

pIIldX
equation is Ellis’s parameterization, which was applied to both #7 and 7~ production at

g* = 90°:

dio 2 9\ /2 F
EW:A(MJFM) (1—2,) (15)
where M, N, and F are given constants, A is an unspecified overall normalization for which we
2
used A=13 and 2| = ]:J‘ ~ 2oL

Pmax ~ \/g

The most successful previously developed LIDCS parameterization available for charged pion
production was found to be the one developed by Badhwar, Stephens, and Golden (ref. 30),
which is ]

d’o A — &)1 e*BPL/Ong/S) (16)

dp® (1 + 4m12)/5)r

where ¢ 1s a function of p| and s, such that

O+ Chopl + C3P2L
(14 4m2/s) 172

and

1/2
4

~ 2 2 2

e [:Eﬁ + ;(pJ_—I—mW)]

*
p

Here 2 = —— ~ 2 L. For 7, A= 153, B = 5.55,C} = 5.3667,Cy = —3.5,C3 = 0.8334, and
max 7;

r=1 Fora A=127, B =5.3,C1 = 7.0334, Cy = —4.5, U3 = 1.667, and » = 3. This form
is accurate for low transverse momentum (figs. 97 to 102), which is the most important region
for radiation shielding because of the large cross section. It is also in closed form so that extra
numerical complexities do not have to be considered. A comparison with a few data points,
shown in figures 103 and 104, demonstrates that it integrates to the correct total cross section.
A more detailed comparison of the integrated cross section with experimental data is given by

Badhwar, Stephens, and Golden (ref. 30). Because of its relative accuracy and simplicity, this
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parameterization was integrated to get total cross sections and spectral distributions for charged
pions.

Mokhov and Striganov (ref. 31) have also developed the following formulas for both = and
7~ production:

dSO' p* B P*
EF—rs=Al1- exp(— >V1p Vo(p 17
dp3 ( ﬁlax) C’\/g (P1)ValpL) (17)
where
_ 2 2
V] = (1—D)exp(—EpJ_) —I—Dexp(—FpJ_) (pL <0933 GeV)
.262
Vi= % (pL > 0.933 GeV)
(p +0.87)
and
Vo =0.7363exp(0.875p | ) (pp <0.35 GeV)
Vo =1 (pL > 0.35 GeV)

with A = 60.1, B=19,and ¢ = 0.18 for 77; A =512, B = 26, and C' = 0.17 for 7—; and
D =03, E=12 and I' = 2.7 for both 7T and 7. Figures 97 to 102 show that the formula of
Badhwar has a better fit to the data in the low p | region where the cross section is the largest.

3. Spectral Distributions and Total Cross Sections
3.1. Method of Generating Other Cross Sections From LIDCS’s

Although LIDCS’s contain all the necessary information for a particular process, sometimes
other cross sections are needed. For example, one-dimensional radiation transport requires
probability density distributions that are integrated over solid angle. These quantities are
calculated mn terms of spectral distributions and total cross sections rather than LIDCS’s, but
with accurate parameterizations of LIDCS’s, formulas for both spectral distributions and total
cross sections can be developed. LIDCS’s for inclusive pion production in proton-proton collisions
contain dependence on the energy of the colliding protons /s, on the energy of the produced

pion Tz, and on the scattering angle of the pion #. Total cross sections o, which depend only

on /s, and spectral distributions ﬁ, which depend on /s and Ty, can be extracted from an

LIDCS by integration. If azimuthal symmetry is assumed, these cross sections take the following
forms:

do —9 /‘emax 0 Ed30- ) s
dg TP 0 a3 (18)
O max Pmax 3 2
o= 277/ d&/ dp Ed—‘;—p sin 0 (19)
0 Pmin dp \ /p2 + m%_

where Omax, Pmax, and pmin are the extrema of the scattering angle and momentum of the pion,
and my 18 the rest mass of the pion.

In the COM frame, these extrema can easily be determined. (See appendix A for a detailed
analysis.) Using conservation of momentum and energy, one can easily show

2 o2 .
P L L M (20)
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where s, 18 the square of the invariant mass of the sum of all particles excluding the pion, and p
is the magnitude of the three momentum of the pion. The independence of p on @ implies that
6 can take on all possible values (ie., fax = 7), and the symmetry of the COM frame implies
that p, = 0. For a given value of s, it is obvious that momentum is a maximum when s, is
a minimum. As shown in appendix B, an invariant mass 1s a minimum when it is equal to the
square of the sum of the rest masses of the particles in question. Momentum is, therefore, a
maximum when s, is the square of the sum of the least massive combination of particles that can
be produced and still satisfy all relevant conservation laws. For the reaction p+p — 7 + x, we
have s, & 4m%, where subscript p represents a proton. Exact formulas are listed in appendix B
along with a more detailed analysis.

If a Lorentz transformation is applied to the maximum COM momentum, the integration
limits can be determined in other frames. Byckling and Kajantie (ref. 32) have shown that by
transforming to the lab frame, the following formula can be obtained:

| -1
Pr = |PaBacV/s cosf + (Eq+ mp)\/spx’é?ax — mZp? sin’ QJ [5 + p Sinz(ﬁ)} (21)

where quantities with an asterisk are COM variables, quantities without an asterisk are either
lab or invariant variables, m,, is the rest mass of a proton, p, is the magnitude of the momentum
of the projectile proton, and p™ = ppax is the maximum pion momentum. The greater of the
two quantities p~ = p;, and 0 is the minimum pion momentum, and the maximum scattering
angle can be determined by the requirement that pi be real. This requirement implies that the
quantity under the square root in equation (21) must be greater than or equal to 0. Solving for

Omax then gives the formula

-

. S .
frmax = sin™ ! (—\/ pma") (22)

PaMp
With the limits of integration determined, an LIDCS can be turned into a total cross section
or a spectral distribution by numerical integration. This procedure will, however, give discrete
“data” points not closed-form expressions. Parameterizations of these numerical data are needed,
if relatively simple formulas for these cross sections are desired. This process was completed for
all three pion species, and the corresponding formulas are given in the next section.

3.2. Parameterizations

The surface parameterizations for the spectral distribution as a function of incident proton
kinetic energy in the lab frame 7j,5 and the lab kinetic energy of the produced pion 7; have
been completed by numerically integrating LIDCS charged pion parameterizations of Badhwar,
Stephens, and Golden (eq. (16) and ref. 30) and the neutral pion cross section from Stephens and
Badhwar (eq. (6) and ref. 19). The numerical integration routines were checked by computing
total cross sections in both the lab and COM frames and comparing the results. Because total
cross section is a Lorentz invariant, the results should be the same in both frames. To accurately
fit the integration points for low energies, considering two regions of the surface and determining
representations for them individually have been necessary. For each of the three pions, the two
regions consist of laboratory kinetic energies 7', from 0.3 to 2 GeV and from 2 to 50 GeV.



The neutral pion spectral distribution for the range 0.3 to 2 GeV is given by the following

equations:

A
= A1T7r 2 + ASTY:Q

I = exp(A5 +

Ag
\V Tlab

dE

do Fy \/ 4 Al
(_) = |:A13 I + Ajg exp (Alﬁ Tr + A17Tx lnga‘})))
lab

+ As lab+AgT‘A1 + A Tx 12)

T{lm

J

(23)

with constants A; given in table 1. The neutral pion spectral distribution for the range 2 to

b0 GeV 1is given by the following equations:

B B
F2 — BlTﬂ-z —|— B3jjla€

F| =exp (35—1—

\/ lab

dE

with constants B; given in table 2

Table 1. Constants A; for Equations (23)

Constant Value
A 6.78 x 1010
As —2.86
As 1.82x 1078
Ay ~1.92
As 22.3
Ag 0.226
Aq —0.33
Ag -1.75
Ag -32.1
Ao 0.0938
An —23.7
A 0.0313
A 2.5 x 106
A 1.38
Als 0.25
Al -394
Ar 2.88
Als 0.025
Arg 0.75

do B4 F1 B /
(—) = B 37 14F—2+Bl5T7r 16 exp (317 Tﬂ')
lab

+ Bili + ByTx " + BnTBlz)

Table 2. Constants B; for Equations (24)

Constant Value
B 1.3x10°10
By —2.86
Bs 4.97 x 1079
By —24
Bs 22.3
By —1.87
B; 1.28
Bg —1.25
By —33.2
By 0.0938
By —23.6
Bps 0.0313
313 2.5 X 106
By 0.25
Bis 60322
By 1.07
Bir —67.5

10

(24)



The positively charged pion spectral distribution for the range 0.3 to 2 GeV is given by the

following equations:

; c
Fy = T3 + C3T, !

F| = exp

do I
(ﬁ) = 015T7916F—2 ISRy pat eXp(Clg V1Tr+ Cop v/ Tlab)
lab

Cs+

_Cs
\V Tlab

with constants C; given in table 3.

+ C7 TC8

lab

+ CyT; €10 + C“TCMT 13+ Claln (Tiap)

(25)

The positively charged pion spectral distribution for the range 2 to 50 GeV is given by the

following equations:

F =

F =exp (D5 +

dE

with constants 1J); given in table 4.

Table 3. Constants C; for Equations (25)

D
V T]ab

d F
<_U> = Dyy P 12 Il
lab

D1T7?2 + D3T£ﬁ

-|- D13T 14 exp (D15\/ —|— D16T 17)

+ D78 + D TDH’)

Table 4. Constants D; for Equations (26)

11

Constant Value Constant Value
1 2.2 % 1078 Dy 45 %101
Cy -2.7 Dy —2.98
Cs 4.22 x 1077 Ds 118 x 1079
Cy —1.88 Dy —2.55
Cs 22.3 Dy 22.3
Cs 1.98 Dg —0.765
Cr —0.28 Dy —35.3
Cy -1.75 Dy 0.0938
Cy —29.4 Dy —225
Cho 0.0938 Dy 0.0313
Ci —24 4 D1y 2.5 % 106
Cla 0.0312 D12 0.25
C13 0.0389 Dy3 60322
Cl4 1.78 Dy 1.18
Cis 2.5 % 106 Dys —72.2
Cie 0.25 Dig 0.941
Cir 976 D7 0.1
C1g 2.3
Chg —46
Cayp —0.989

(26)



The negatively charged pion spectral distribution for the range 0.3 to 2 GeV is given by the

following equations:

G G
F2 == GlTﬂ- 2 ‘I‘ G3Tlag

Fl = exXp (G5+ G6

Vab
do G
—_ = 770 G
(dE>lab " [ 12

1
+ Gi3 eXp(G14 \/Tw)]
Fy
with constants G; given in table 5.

+ G7T7g8 + Gngm)

(27)

The negatively charged pion spectral distribution for the range 2 to 50 GeV 1s given by the

following equations:
H e H
Fy=H{T;? + HyT, !

Hg

V Tlab

Fy = exp (H5 + + H,THs o HQTfW)

dE

with constants H; given in table 6.

Table 5. Constants G; for Equations (27)

do o I
( ) - HHTf“F—IJerTf“ exp (H15VTW+H16T1§Q7)
lab 2

Table 6. Constants H; for Equations (28)

Constant Value Constant Value

Gy 1.06 x 1079 H, 2.39 x 10~10

Gy 2.8 Hy —238

Gs 3.7%x 108 Hs 114 x 108

Gy —1.89 Hy —-2.3

Gs 22.3 H; 22.3

Gs ~-1.5 Hg —2.23

Gy —30.5 Hy -31.3

Gy 0.0938 Hg 0.0938

Gy —2.6 Hy —24.9

Gio 0.0313 Hio 0.0313

G 0.25 Hy, 2.5 x 106

G1a 2.5 % 108 His 0.025

Gs 7.96 His 60322

Gla —49.5 Hyy 1.1
His —65.9
Hie —9.39
Hi7 —1.25

12



Total inclusive cross sections are given by the following equations:

-1
hl(Tlab) 0.3
0,0 = [0.007+0.1 + 29
i ( Thap T}%b ( )
In(T} 0162\
ot = (0.00717 4 0 06522 b) , 0.1 (30)
Tian Tlab
-1
0846 0.
Ty Tap

For neutral pions, spectral distributions and total cross sections that were based on the
present parameterization given in equation (7) were also developed. The formula for the spectral
distribution was not divided into two regions and is much simpler than the previous formulas:

da) . e K3 Ky
—_— =exp| K+ + + (32)
(dE lab ( R L L

where K| = —5.8, Ky = —182, K3 = 135, and K, = —4.5.

Because equation (7) and Stephens’ LIDCS parameterization integrate to nearly the same
total cross section (fig. b), separate total cross section parameterizations are not necessary (i.e.,

use eq. (29)).

3.3. Discussion of Spectral Distributions and Total Cross Sections

As discussed previously, figures 1 to 4 and 6 to 9 show the LIDCS parameterizations for 70
production of Carey et al. (eq. (5) and ref. 14), Stephens and Badhwar (eq. (6) and ref. 19),
and of equation (7) plotted with data from references 12 to 17, 20, and 23. The figures are
d3c
dp3
COM energy E,p and COM scattering angle 6*, which can be transformed into lab variables
as shown in appendix B. Figures 1 to 3 and 7 show that the parameterization of Carey et al.

is not an adequate representation of the data. Figures 6 and 7 show that the parameterization
of Stephens and Badhwar fails for high transverse momentum by severely underpredicting the

graphs of cross section & plotted against transverse momentum p| for various values of

cross sectlon.

Figure 5 shows numerically integrated LIDCS parameterizations of Stephens and Badhwar
(eq. (6) and ref. 19), of Carey et al. (eq. (5) and ref. 14), and of equation (7) (referred to
as “Kruger”) for Y production plotted with a parameterization of the integrated formulas of
Stephens and Badhwar, referred to as “Stephens-total-param” (eq. (29)). Three data points
from Whitmore (ref. 23) show that Carey’s parameterization does not integrate to the correct
values and that the rest are quite accurate. (See ref. 19 for more detail.)

Figures 10 to 96 show 7' LIDCS parameterizations of Carey et al. (eq. (5) and ref. 14),
of Stephens and Badhwar (eq. (6) and ref. 19), and of equation (7) plotted with data from
references 12 to 17, 19, and 20 over a wide range of angles and energies. These graphs show that
equation (7) has the best global fit to all data available.

As discussed previously, figures 97 to 102 show 7 and 7~ LIDCS parameterizations of Alper
et al. (eq. (13) and ref. 25), of Badhwar, Stephens, and Golden (eq. (16) and ref. 30), of Ellis
and Stroynowski (eq. (15) and ref. 21), of Carey et al. (eq. (14) and ref. 29), and of Mokhov

13



and Striganov (eq. (17) and ref. 31) and LIDCS data from references 18 and 15 plotted against
transverse momentum for different values of COM energy F,,, with all at 6* = 90°. These
graphs show that the parameterizations of Badhwar and Alper best fit the data, but Alper’s
parameterization rapidly increases for high transverse momentum which contradicts the trend
of the data.

Figure 103 shows numerically integrated LIDCS parameterizations of Badhwar, Stephens, and
Golden (eq. (16) and ref. 30) for =+ plotted with parameterizations of the integrated formulas
of Badhwar referred to as “present work” (eq. (30)). Figure 104 shows numerically integrated
LIDCS parameterizations of Badhwar, Stephens, and Golden (eq. (16) and ref. 30), of Carey
et al. (eq. (14) and ref. 29) for 7~ plotted with parameterizations of the integrated formulas of
Badhwar referred to as “present work” (eq. (31)). Three data points from reference 23 show that
(Carey’s parameterization does not integrate to the correct values and that Badhwar’s formula is
fairly accurate. The figures also show that the parameterization fits the numerically integrated
formulas very well.

Figure 105 shows 70 spectral distribution parameterizations given by equations (23) and (24)
plotted with LIDCS parameterization of Stephens numerically integrated at several lab kinetic
energies. Iigure 106 is the same as figure 105 except that the spectral distribution of
equation (32) is plotted with the numerical integration of equation (7).

Figures 107 and 108 show #~ and 7T spectral distribution parameterizations plotted with
LIDCS parameterization of Badhwar, Stephens, and Golden (eq. (16) and ref. 30) numerically

integrated. Cross section do. is plotted against the kinetic energy of the produced pion T at

dE

several values of the lab kinetic energies of the colliding proton.

4. Concluding Remarks

This paper presents parameterization of cross sections for inclusive pion production in proton-
proton collisions. The cross sections of interest are Lorentz invariant differential cross sections
(LIDCS’s), laboratory (lab) frame spectral distributions, and total cross sections. For neutral
pions the parameterization of Stephens and Badhwar ( Astrophys. & Space Sci., vol. 76, 1981,
pp. 213-217) fit the data well for low values of transverse momentum p; but overpredict the
cross section by many orders of magnitude at high p | values. Because of this inaccuracy, an
equation was developed. The final form of our resultant parameterization for the neutral pion
invariant cross section in proton-proton collisions is as accurate as that of Stephens and Badhwar
at low p| values but is much more accurate at high p | values. For charged pions the formula of
Badhwar, Stephens, and Golden (Phys. Rev. D, vol. 15, 1977, pp. 820-831) was found to best
represent the data except at high p; values and that of Ellis and Stroynowski (Rev. Modern
Phys., vol. 49, 1977, pp. 753-775) was quite accurate. The formula of Badhwar, Stephens, and
Golden was used in the development of spectral distributions and total cross sections because it
was the most accurate at low p; where the cross section is the greatest.

The data for lab frame spectral distributions and total cross sections are scarce; therefore,
parameterizations for these quantities were developed with LIDCS formulas. These formulas
were numerically integrated, resulting in discrete numerical data points for the other cross sec-
tions, namely spectral distributions and total cross sections. The accuracy of the representations
of lab frame spectral distributions and total cross sections is, therefore, hmited to the accu-
racy of the original LIDCS’s. The numerical data were then parameterized so that closed-form
expressions could be obtained. As a check on the accuracy, the total cross section numerical
data were compared with experimental data. They were found to agree quite well, but when
the numerical data for the spectral distributions for the formulas for 7% production are com-
pared, they are found to disagree. Because both original LIDCS formulas fit the data well at

14



low p, , where the cross section is greatest, and both formulas integrate to the correct total cross
section, the available data must not be sufficient to uniquely determine the global behavior of
the LIDCS’s. The data for charged pion production were much more limited than the data for
neutral pion production; therefore, the same problem exists for charged pions.

To more accurately determne the cross sections for space radiation applications, measure-
ments of the spectral distribution at lower energies (for example, proton lab kinetic energies of 3
and 8 GeV and pion lab kinetic energies of 0.01, 0.1, and 1 GeV) for one pion species would
need to be taken. Only measurements for one pion species would be needed because they all
have approximately the same general behavior. These measurements would put a much tighter
constraint on the global properties of the LIDCS’s, and the spectral distribution parameteriza-
tions could also be made more accurate.

15



Appendix A
Derivation of Maximum Momentum

Consider an inelastic two-particle collision. The maximum momentum that a produced
particle can have in the COM frame can easily be determined by imposing conservation laws.
The reaction considered is a two-particle A and B reaction resulting in a pion = and various
other particles X (i.e., A + B — 7 4+ X). Quantities pertaining to the initial particles are labeled
with subscripts @ and b. Quantities pertaining to the pion of interest are labeled with subscript
m, and quantities pertaining to the system consisting of all other produced particles are labeled
with subscript . Units where the speed of light is equal to unity are used.

Conservation of energy implies that the initial energy equals the final energy:
Ea—|—Eb:EW+E$:\/g (A1)

where /s is the invariant mass of the entire system. See appendix B for the relations between
various kinematic variables.

In the COM frame, the total three momentum is zero. Therefore,

Pa+ Py =Pr + e = (A2)
Pr = —Pa (A3)
Fxl? = |5l (A4)
(A5)

B2 -—ml=E_5s, A5
where s, is the square of the invariant mass of the system consisting of all particles except the
pion, and my is the rest mass of the pion. By rearranging terms, adding E72r to both sides, and

a little further algebra, equation (37) becomes

E24 E2=92F% 4+ s, —m? (A6)
B2 4 B2 4 2FF,=2E2+ s, —m2 +2E, B, (AT)
s — sy +me = 2B, (Ex + Ey) (AB)

Substituting equation (A8) into equation (A1) results in

VE /5 =5— 5. +m2 (A9)
2
s+ ms —s,
Pr=—_T = A10
2 2
N s+ m, — sz
R (AL)

Equation (A 11) obviously implies that the pion momentum is a maximum for a given s, when

$4 I8 a minimum: ) )
L emiosa)?
|p77'max| = 7T45 — — Mg (A12)
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To specify |Bryay |2 for a given inclusive reaction, Sz, Needs to be derived; s, 1s the square of
the invariant mass of an N particle system, which is defined as the square of the four momentum
of that system, as follows:

N 2
Sy = (ZPZ) (A13)
=1
N
se= > pip) (A14)

ij=1

where p; -p; 1s a Lorentz scalar and can be calculated in any frame. For simplicity, the calculation
is done in the rest frame of the ith particle, so that E; = m;, the speed v; = 0, p; = 0, and

Yi = 1 5= 1. For massive particles,
1— vy
pi-pj = EE;—p;- D (A15)
i pj = vimiyjm;j (A16)
i pj = yjmim; (ALT)
where y; = 1 5 > 1, and v; is the speed of the jth particle. Equation (A17) further implies
1—w;
J

pi-pj 2 mimj (A18)

If one particle is massless, p; - p; can be calculated in the rest frame of the massive particle,
which can be assumed to be the ith particle, without a loss of generality:

pi = EiE; =P b (A19)
pi - pj = miE; (i #J) (A20)

which is a minimum and equals zero in the limit as £; — 0. If both particles are massless,

pi-pj = EiEj— i D (A21)
pi-p; = EE; — EE; (A22)
pi-pj =10 (A23)

Therefore, for any combination of massive and massless particles,

Substituting equation (A24) into equation (A14) results in

N
sz > Z mim; (A25)
1=
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Therefore,

N
Srmin = Z i j (AQG)
1,j=1

N 2
Spoo = (Z ml> (A27)
=1

when the sum is over the least massive combination of particles that can be produced while
satisfying all relevant conservation laws.

For pions produced in proton-proton collisions, the reactions where s, can be a minimum are
as follows:

For =,
ptp—attptpte +7, (A28)
= S min — (Qmp + me + mﬁ)z R 47’7’6; (A29)

For 71'0,
p+p—7'+p+p (A30)
= 5y = dm? (A31)

For 7~
prp—a +ptptet +u. (A32)
= STmin = (Qmp + me + ml/ﬁ)Q R 47’7’6; (A33)

where p represents a proton, e represents an electron, v, represents an electron-neutrino, 7,
represents an electron-antineutrino, and e represents a positron.
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Appendix B
Kinematic Relations

The two reference frames of interest in this paper are the COM frame and the lab frame. In
a two-particle collision, the lab frame is defined so that one of the colliding particles is at rest,
and in the COM frame, the net three momentum is zero. Using the fact that the square of the
four momentum of a system s i1s Lorentz invariant, a relation between COM energies and lab
energies can be derived. In the COM frame,

s = (Ex+ B’ —(Fi+ 7;)°
= (E;+ E})? (B1)

where * refers to a COM quantity, and variables without * are either in the lab frame or they are
invariant under the transformation from the lab frame to the COM frame, £ is a total energy,
pis a three momentum, and subscripts @ and b distinguish the two colliding particles. Equation
(B1), therefore, implies that /s is equal to the COM total energy.

In the lab frame where particle 4 is at rest, and 7jyp is the kinetic energy of particle «,

s = (Ba+ B = (Fat ) (B2)
5= (Ba+my)’ = B’ (B3)
s=m> —I—m%—k?Eamb (B4)
s=m+ m% + 2(Tiap + ma)my, (B5)
s = (ma+my)” + 2Tj5my (B6)

where m, and my are the rest masses of particles a and b, respectively, Tjap = Fq — my 18

the lab frame kinetic energy of the incoming particle, and £ = \/|]3'|2 + m?2. Taken together,
equations (B1) and (B6) imply that

(Eg + Ep)? = (ma +my)* + 2Ti,my (B7)

The relations between the lab scattering angle &, the magnitude of the lab three momentum

||, and the corresponding COM quantities can be derived by using the following equations
(ref. 32):

|Z]* sin 6* = |p] sin 0 (B8)
|P* cos 0* = v|p| cos§ — yvE (B9)
E* = —yv|plcosf+ v E (B10)
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where v = /1 — 7_2 1s the relative speed of the lab frame and the COM frame, and for the case

of two colliding protons, v = Thaby + 2 (ref. 32). The magnitude of the COM three momentum
s

and the COM scattering angle can now be easily derived in the following manner:

5% = |B*? (cos® 0% 4 sin? 6%) (B11)
52 = v2(|p] cos @ — vE)? + |p|?sin? 6 (B12)
and
|B|* sin 0*
tan 0 = —— Bl
n |P]* cos 6* (B13)
lsin 0
tan ¢ = — IS0 (B14)
Y|P cos @ —yvE
Therefore,

0* = tan™! ( _[p]sin6 ) (B15)
y|P| cos @ —yvE
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Appendix C
Synopsis of Data Transformations

The data used in the comparison of different parameterizations were given in terms of several
different kinematic variables. Some data were transformed so that all data would be expressed
in terms of the same variables. A synopsis of the transformations that were performed for the
data plotted in the figures is as follows.

The data from Bisser et al. (refs. 12 and 15) and Owen et al. (ref. 17) were given for
different values of /s, p, and 8*. No transformations were performed. The data from Carey
et al. (ref. 14) were given for different values of Py, p,, and 0; P, was transformed to N

by using equation (B4) and the relation £ = (/|p|2 + m?. Then ¢ was transformed to ¢* with
equation (B15). Eggert et al. (ref. 16) used /s, p;, and 8. Equation (B15) was used to transform
0 to 0*. Alper et al. (ref. 25) used /s, p, and the longitudinal rapidity y. Only data with

y = 0 were used, and when y = 0 then 6% equals 90°. The data from Whitmore (ref. 23) were
not transformed.

Stephens and Badhwar (ref. 19) used photon production data from Fidecaro et al. (ref. 13)
to derive pion production cross sections. The variables Tiap, #, and p were used by Stephens.
Equation (B6) was used to transform 7], into \/s. Next, ¢ was transformed to 6* by using
equation (B15). Finally, p was transformed into p; by using the equation p; = psinf.
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Figure 1. LIDCS plotted against transverse momentum for 70 production for E,,, = 7 GeV and #* = 12°
with data at 12.2° < 6* < 12.4°.
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Figure 2. LIDCS plotted against transverse momentum for 70 production for E.,,, = 7 GeV and 8* = 41°
with data at 40.3° < #* < 41.9°.
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Figure 3. LIDCS plotted against transverse momentum for 7% production for E,,, = 7 GeV and #* = 89°
with data at 88.3° < 6% < 90°.

102 :
100 i
N
3
)
€ 1072 .
ol
ol B
w
4 * Experimental data (ref. 14)
107 Carey (eq. (5) and ref. 14) . 7
— — — Stephens (eg. (6) and ref. 19) "-._‘ \
-------------- Present work (eq. (7)) v\
‘._" \
—6 b\
10 —
101 10° 10t
Py GeV

Figure 4. LIDCS plotted against transverse momentum for 7% produ ction for E,,, = 9.8 GeV and §* = 37°
with data at 37.1° < 6* < 37.5°.

25



80

* Experimental data (ref. 23)

o Stephens (eg. (6) and ref. 19)
o Carey (eg. (5) and ref. 14)

+ Kruger (eq. (7))
Stephens-total-param (eg. (29))

60

20

0 10 20 30 40 50

Figure 5. Parameterization of total 7¥ production cross section plotted with numerically integrated LIDCS

parameterizations.
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Figure 6. LIDCS plotted against transverse momentum for 7° production for F.,,, = 53 GeV and #* = 90°
with data at 8" = 90°.
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Figure 7. LIDCS plotted against transverse momentum for 7V production for E,,, = 53 GeV and * = 5°
with data at 8% = 5°.
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Figure 8. LIDCS plotted against transverse momentum for 0 production for E,,, = 9.8 GeV and §* = 87°
with data at 86.8° < 6* < 87.9°.
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Figure 9. LIDCS plotted against transverse momentum for 7 production for F,,,, = 12 GeV and #* = 76°
with data at 74.4° < 6% < 76.4°.
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Figure 10. LIDCS plotted against transverse momentum for 70 production for E.,, = 12 GeV and #* = 21°
with data at 21.4° < 6* < 21.6°.
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Figure 11. LIDCS plotted against transverse momentum for 7 production for £, = 12 GeV and #* = 35°
with data at 35.1° < 6* < 35.4°.
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Figure 12. LIDCS plotted against transverse momentum for 0 production for E,,, = 12 GeV and 6* = 45°
with data at 44.7° < ¢* < 45.3°.
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Figure 13. LIDCS plotted against transverse momentum for 70 production for Ecm = 12 GeV and §* = 54°
with data at 53.7° < 6* < 54.8°.
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Figure 14. LIDCS plotted against transverse momentum for 0 production for E,,, = 12 GeV and 6* = 58°
with data at 57.5° < 6* < 59.4°.
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Figure 15. LIDCS plotted against transverse momentum for 7V production for £, = 12 GeV and #* = 65°
with data at 64.6° < 6* < 66.2°.
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Figure 16. LIDCS plotted against transverse momentum for =¥ production for Eem = 13.7 GeV and
0* = 83° with data at 82.2° < 6* < 84.7°.

31



100 |
N
?
Q
€ 1072 §
o™
ol 8
w y
1041 * Experimental data (ref. 14) "‘-‘.,‘\\ 1
Carey (eg. (5) and ref. 14)
— — — Stephens (eg. (6) and ref. 19) i\
-------------- Present work (eq. (7)) . ?
—6 A
10 — e ——
101 100 10!
Py GeV

Figure 17. LIDCS plotted against transverse momentum for 70 production for Eem = 14 GeV and #* = 25°
with data at 24.7° < #* < 24.9°.
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Figure 18. LIDCS plotted against transverse momentum for 0 production for E,,,, = 14 GeV and 6* = 40°
with data at 40.1° < #* < 40.6°.
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Figure 19. LIDCS plotted against transverse momentum for 7 production for £, = 14 GeV and #* = 51°
with data at 50.7° < #* < 52.6°.
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Figure 20. LIDCS plotted against transverse momentum for 7’ production for F,,,, = 14 GeV and §* = 61°
with data at 60.6° < 6* < 62.1°.
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Figure 21. LIDCS plotted against transverse momentum for 7V production for £, = 14 GeV and #* = 67°
with data at 65.5° < #* < 68.6°.
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Figure 22. LIDCS plotted against transverse momentum for 70 production for Eep = 14 GeV and #* = 73°
with data at 72.3° < 6% < 74.3°.
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Figure 23. LIDCS plotted against transverse momentum for 7% production for E,,, = 15.3 GeV and
6* = 89° with data at 88.6° < 0* < 89.8°.
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Figure 24. LIDCS plotted against transverse momentum for ¥ production for E,,, = 15.4 GeV and
6* = 28° with data at 27.5° < 0* < 27.7°.
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Figure 25. LIDCS plotted against transverse momentum for 7V production for Eeym = 15.4 GeV and
6* = 45° with data at 44.4° < 6% < 47.7°.
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Figure 26. LIDCS plotted against transverse momentum for 70 production for E,,, = 15.4 GeV and
6* = 56° with data at 55.9° < 6* < 57°.
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Figure 27. LIDCS plotted against transverse momentum for 7% production for E,, = 15.4 GeV and
6* = 61° with data at 59.6° < 6* < 62.8°.
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Figure 28. LIDCS plotted against transverse momentum for =¥ production for Eem = 15.4 GeV and
g* = 67° with data at 66.5° < 6* < 68.3°.
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Figure 29. LIDCS plotted against transverse momentum for 7% production for E,, = 15.4 GeV and
6* = 79° with data at 78.5° < 6* < 80.8°.
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Figure 30. LIDCS plotted against transverse momentum for =¥ production for Eem = 16.9 GeV and
g* = 30° with data at 30.0° < 6* < 30.3°.
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Figure 31. LIDCS plotted against transverse momentum for 7% production for E,, = 16.9 GeV and
6* = 48° with data at 42.2° < 6* < 48.9°.
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Figure 32. LIDCS plotted against transverse momentum for 70 production for E,,, = 16.9 GeV and
g* = 61° with data at 55.1° < 0* < 61.6°.
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Figure 33. LIDCS plotted against transverse momentum for 7% production for E,, = 16.9 GeV and
0* = 72° with data at 71.3° < 6* < 73.4°.
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Figure 34. LIDCS plotted against transverse momentum for 70 production for E,,, = 16.9 GeV and
g* = 84° with data at 83.6° < 6* < 86.2°.
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Figure 35. LIDCS plotted against transverse momentum for 70 production for F., = 17.3 GeV and
0* = 84° with data at 81.2° < 0* < 84.3°.
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Figure 36. LIDCS plotted against transverse momentum for =¥ production for E,,, = 18.2 GeV and
6* = 32° with data at 32.3° < 0* < 32.5°.
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Figure 37. LIDCS plotted against transverse momentum for 7¥ production for Eem = 18.2 GeV and
g* = 40° with data at 39.2° < 6* < 41°.
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Figure 38. LIDCS plotted against transverse momentum for 70 production for E,,, = 18.2 GeV and
6* = 52° with data at 51.5° < 6* < 54.6°.

42



10741 * Experimental data (ref. 14) ‘ ]
Carey (eq. (5) and ref. 14) \
— — — Stephens (eq. (6) and ref. 19)
-------------- Present work (eq. (7))
—6 )
10 : — : —
1071 100 10t
Py GeV

Figure 39. LIDCS plotted against transverse momentum for 70 production for F., = 18.2 GeV and
0* = 64° with data at 64.2° < 6* < 65.7°.

3
gd g, mb/Gev2
dp
)
S

10741 * Experimental data (ref. 14) \' i
Carey (eg. (5) and ref. 14) \
— — — Stephens (eg. (6) and ref. 19)
-------------- Present work (eq. (7))
6 )
10 . e . — S
107t 100 10t

Py GeV

Figure 40. LIDCS plotted against transverse momentum for 70 production for E,,, = 18.2 GeV and
0* = 76° with data at 75.5° < 0* < 77.9°.
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Figure 41. LIDCS plotted against transverse momentum for 7V production for Eem = 18.2 GeV and
g* = 88° with data at 88° < 6* < 89.2°.
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Figure 42. LIDCS plotted against transverse momentum for =¥ production for E.m = 18.6 GeV and
g* = 80° with data at 76.9° < 6* < 80.1°.
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Figure 43. LIDCS plotted against transverse momentum for 7% production for E,, = 19.4 GeV and
g* = 34° with data at 34.4° < 6% < 34.8°.
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Figure 44. LIDCS plotted against transverse momentum for =¥ production for Eem = 19.4 GeV and
0* = 50° with data at 48.4° < 6* < 51.5°.
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Figure 45. LIDCS plotted against transverse momentum for 7% production for E,, = 19.4 GeV and
6* = 55° with data at 54.6° < 0* < 55.6°.
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Figure 46. LIDCS plotted against transverse momentum for 70 production for E,,, = 19.4 GeV and
g* = 68° with data at 67.7° < 6* < 69.4°.
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Figure 47. LIDCS plotted against transverse momentum for 7¥ production for Eem = 19.4 GeV and
g* = 80° with data at 79.1° < 6* < 81.6°.
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Figure 48. LIDCS plotted against transverse momentum for 70 production for E,,, = 19.4 GeV and
g* = 87° with data at 85.1° < 6* < 88.1°.
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Figure 49. LIDCS plotted against transverse momentum for 7¥ production for Eem = 19.8 GeV and
g* = 75° with data at 73.2° < 6* < 76.5°.
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Figure 50. LIDCS plotted against transverse momentum for 70 production for E,,, = 20.6 GeV and
g* = 36° with data at 36.3° < 0* < 36.8°.
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Figure 51. LIDCS plotted against transverse momentum for 7¥ production for Eem = 21.0 GeV and
g* = 73° with data at 70° < 0* < 73.4°.
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Figure 52. LIDCS plotted against transverse momentum for 70 production for E,,, = 21.7 GeV and
g* = 34° with data at 33.2° < 6* < 36.4° and E,,, = 20.6 and 21.7 GeV.
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Figure 53. LIDCS plotted against transverse momentum for 7% production for E,, = 21.7 GeV and
6" = 45° with data at 43.7° < 6% < 48.9° and E.,, = 20.6 and 21.7 GeV.
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Figure 54. LIDCS plotted against transverse momentum for 70 production for Eem = 21.7 GeV and
6* = 60° with data at 57.4° < 0* < 61.2° and FE,.,, = 20.6 and 21.7 GeV.
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Figure 55. LIDCS plotted against transverse momentum for 7% production for E,, = 21.7 GeV and
0* = 74° with data at 70.9° < 6* < 75.8° and FE,;, = 20.6 and 21.7 GeV.
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Figure 56. LIDCS plotted against transverse momentum for 70 production for Eem = 21.7 GeV and
g* = 80° with data at 78.5° < §* < 85.2° and FE,,, = 20.6 and 21.7 GeV.
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Figure 57. LIDCS plotted against transverse momentum for 7¥ production for Eem = 21.7 GeV and
g* = 86° with data at 85.5° < 6* < 88.4°.
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Figure 58. LIDCS plotted against transverse momentum for 70 production for E,,, = 22.1 GeV and
g* = 70° with data at 67.2° < 0* < 70.7°.
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Figure 59. LIDCS plotted against transverse momentum for 7% production for E,, = 22.8 GeV and
g* = 32° with data at 31.7° < 0* < 33.2°.
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Figure 60. LIDCS plotted against transverse momentum for =¥ production for Eem = 22.8 GeV and
g* = 40° with data at 39.9° < 6* < 40.4°.
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Figure 61. LIDCS plotted against transverse momentum for 7% production for E,, = 22.8 GeV and
0* = 44° with data at 41.8° < 0* < 44.8°.
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Figure 62. LIDCS plotted against transverse momentum for =¥ production for Eem = 22.8 GeV and
0* = 63° with data at 62.4° < #* < 63.7°.
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Figure 63. LIDCS plotted against transverse momentum for 7% production for E,, = 22.8 GeV and
6* = 77° with data at 76.4° < 6* < 78.5°.
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Figure 64. LIDCS plotted against transverse momentum for =¥ production for Eem = 22.8 GeV and
g* = 89° with data at 88.2° < 6* < 88.9°.
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Figure 65. LIDCS plotted against transverse momentum for 7V production for Eem = 23.1 GeV and
g* = 67° with data at 64.7° < §* < 68.2°.
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Figure 66. LIDCS plotted against transverse momentum for =¥ production for E,,, = 23.3 GeV and
0* = 16° with data at 6* = 15° and 17.5°.
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Figure 67. LIDCS plotted against transverse momentum for 7¥ production for Fem

g* = 21° with data at 6* =
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Figure 68. LIDCS plotted against transverse momentum for ¥ production for E,, = 23.5 GeV and
6* = 90° with data at 86.1° < 6* < 90° and 23.5 < Eem < 23.8 GeV.
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Figure 69. LIDCS plotted against transverse momentum for 7% production for E,,, = 23.8 GeV and
6* = 31° with data at 30.4° < 6* < 31.9°.
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Figure 70. LIDCS plotted against transverse momentum for 7¥ production for E,,, = 23.8 GeV and
6* = 42° with data at 41.5° < 0* < 42.1°.
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Figure 71. LIDCS plotted against transverse momentum for 7% production for E,, = 23.8 GeV and
6* = 65° with data at 64.6° < 6* < 66.0°.
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Figure 72. LIDCS plotted against transverse momentum for 70 production for E,,, = 23.8 GeV and
0* = 66° with data at 63.2° < 0* < 66.7°.
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Figure 73. LIDCS plotted against transverse momentum for 7% production for E,,, = 23.8 GeV and
0* = 76° with data at 73.2° < 0* < 76.6°.
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Figure 74. LIDCS plotted against transverse momentum for 70 production for E,,, = 24.8 GeV and
6* = 73° with data at 71.0° < 0* < 74.4°.
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Figure 75. LIDCS plotted against transverse momentum for 7% production for E,,, = 25.7 GeV and
6* = 71° with data at 68.8° < 6* < 72.4°.
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Figure 76. LIDCS plotted against transverse momentum for 70 production for E,,, = 26.6 GeV and
g* = 70° with data at 66.9° < 0* < 70.5°.
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Figure 77. LIDCS plotted against transverse momentum for 7V production for E,,, = 27.4 GeV and
0* = 67° with data at 65.2° < 6* < 68.8°.
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Figure 78. LIDCS plotted against transverse momentum for =¥ production for E,,, = 30.8 GeV and

g* = 53°.
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Figure 79. LIDCS plotted against transverse momentum for 7% production for £, = 30.8 GeV and
6" = 90° with data at 30.6 < E., < 31 GeV.
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Figure 80. LIDCS plotted against transverse momentum for =¥ production for E,,, = 45.1 GeV and
6* = 53°.

63



emmmmeeTLs

\
* Experimental data (refs. 12, 15, and 16) \

107 \
Carey (eg. (5) and ref. 14) \
— — — Stephens (eg. (6) and ref. 19) \
.............. Present work (eq. (7)) )
10
1071 10° o

Py GeV

Figure 81. LIDCS plotted against transverse momentum for 7V production for £, = 45 GeV and #* = 90°
with data at F.,, = 44.8 and 45.1 GeV.
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Figure 82. LIDCS plotted against transverse momentum for 70 production for E,,, = 52.8 GeV and
6* = 11° with data at 6* = 10° and 11°.
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Figure 83. LIDCS plotted against transverse momentum for 7% production for E,,, = 52.8 GeV and

f* = 16° with data at 6* = 15° and 17.5°.
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Figure 84. LIDCS plotted against transverse momentum for ¥ production for E,, = 52.8 GeV and

g* = 21° with data at 6* = 20° and 22°.
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Figure 85. LIDCS plotted against transverse momentum for 7% production for E,,, = 52.8 GeV and
0* = 7.5°.
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Figure 86. LIDCS plotted against transverse momentum for 70 production for E,,, = 53.2 GeV and
g* = 53°.
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Figure 87. LIDCS plotted against transverse momentum for 7° production for E,,, =7 GeV and §* = 21°
with data at 20° < 8* < 22°.
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Figure 88. LIDCS plotted against transverse momentum for 7¥ production for E,,, =7 GeV and #* = 60°
with data at h8° < * < 61°.
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Figure 89. LIDCS plotted against transverse momentum for 7V production for Eem =7 GeV and 6* = 63°

with data at 63° < 6% < 64°.
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Figure 90. LIDCS plotted against transverse momentum for 70 production for E,,, = 62.6 GeV and

6* = 90° with data at E,.,, = 62.4 and 62.9 GeV.
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Figure 91. LIDCS plotted against transverse momentum for 7’ production for Fg, = 9.8 GeV and
6* = 45° with data at 44.9° < 6* < 45.6°.
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Figure 92. LIDCS plotted against transverse momentum for 7¥ production for Fem = 9.8 GeV and
g* = 64° with data at 63.6° < 6* < 65.1°.
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Figure 93. LIDCS plotted against transverse momentum for 7’ production for Fg, = 9.8 GeV and
6* = 18° with data at 17.6° < 0* < 17.7°.
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Figure 94. LIDCS plotted against transverse momentum for 7¥ production for Fem = 9.8 GeV and
0* = 29° with data at 28.9° < 6* < 29.2°.
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Figure 95. LIDCS plotted against transverse momentum for 70 production for Eem = 9.8 GeV and
g* = 55° with data at 54.6° < 6* < 55.7°.
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Figure 96. LIDCS plotted against transverse momentum for 7¥ production for E,,, = 9.8 GeV and
6* = 69° with data at 68.0° < 0* < 69.9°.
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Figure 97. LIDCS plotted against transverse momentum for 7=~ production for Eem = 23 GeV and
g* = 90°.
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Figure 98. LIDCS plotted against transverse momentum for 7~ production for E¢m = 31 GeV and
g* = 90°.
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Figure 99. LIDCS plotted against transverse momentum for =+ production for E., = 23 GeV and

g* = 90°.

109
Py GeV

10t

10% =

=
(@)
o
T

3
gd g, mb/Gev2
dp
5
o

a1

100

AN

\

K

A\
* Experimentdl data (ref. 18) \*\

Alper (eg. (13) and ref. 25)
Ellis (eg. (15) and ref. 21)
Badhwar (eg. (16) and ref. 30)
Mokhov (eg. (17) and ref. 31)

LA

\

101

Figure 100. LIDCS plotted against transverse momentum for 7t production for E., = 31 GeV and

g* = 90°.
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Figure 101. LIDCS plotted against transverse momentum for 7 production for E,,, = 45.0 GeV and

6* = 90° with data at E.,, = 45.0 and 44.8 GeV.
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Figure 102. LIDCS plotted against transverse momentum for 7 production for E.,, = 45.0 GeV and
6* = 90° with data at E.,, = 45.0 and 44.8 GeV.
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Figure 103. Parameterizations of total 71 production cross section plotted with mumerically integrated
LIDCS parameterizations.
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Figure 104. Parameterizations of total #~ production cross section plotted with numerically integrated
LIDCS parameterizations.
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Figure 105. ¥ spectral distributions. For detailed comparison, the horizontal axis is plotted both linearly
(upper figure) and logarithmically (lower figure).
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Figure 106. 7 spectral distributions. For comparison, horizontal axis is plotted both linearly (upper
figure) and logarithmically (lower figure).
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